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ABSTRACT

If a homeomorphism possesses a non-atomic ergodic measure it has recurrent
points, If it has recurrent points then there are uncountably many inequivalent
ergodic quasi-invariant measures.

There has recently been some interest expressed in the construction of many
inequivalent quasi-invariant ergodic measures for uniquely ergodic systems.
M. Keane, in [1], has given an explicit construction of uncountably many inequiv-
alent such measures for the irrational rotations of the circle while W. Krieger, [2],
has applied category methods to obtain such collections for any uniquely ergodic
homeomorphism. We propose to describe a simple construction of such families
of measures under quite general conditions, thatare in fact necessary. For com-
pleteness sake we review the definitions. We will be dealing with a fixed compact
metric space X and a homeomorphism ¢ of X onto itself. All measures will be
finite measures defined on the Borel field # of X. A measure p is said to be ergodic
if
@ E€%, ¢E = E imply u(E) u(X\E) =0.

It is said to be a quasi-invariant measure (q.i.) if
@ HE) = 0 iff u(¢E) = 0.

Since any atomic measure whose support is the orbit of a single point is an ergodic
q.i. we promptly lose interest in such measures, and concentrate on finding non-
atomic ergodic q.i.’s. The following is a necessary condition for the existence of
non-atomic ergodic measures.
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LemMa 1. If pis a non-atomic ergodic measure then u— a.e. point of X is
recurrent (i.e. ¢"x returns infinitely often to any deleted neighborhood of x).

Proor. Let A, = {x:inf, ., d(¢"x,x) = ¢}, where d is a metric on X. Since
y — a.e. point is non periodic (ergodicity), it suffices to show that u(4,) = 0.
Suppose that u(4,) > 0, then there isan 4 = A4, with diam (4) < ¢/3 and u(4) > 0,
Observe that, for n # 0, ¢"4A N A =¢J. Since p is non-atomic there is a Bc A
with u(B) u(4\B) > 0. But then U,,¢>"B = E is invariant and disjoint from A\ B,
thus u(E) p(X\E) > 0 contradicting the ergodicity. [

The existence of some recurrent point is all that we shall need for our con-
struction of uncountably many inequivalent ergodic q.i.’s. The next simple
observation means that we can forget about the quasi-invariant part.

Given a measure u define ¢"u by ¢"w(E) = W(¢"E). Let ¢, >0, with
2., =1, then

3 i= X cgm

is a q.i. and indeed the ““minimal” q.i. with respect to which p is absolutely
continuous.
For later reference note that if u is ergodic so is fi.

LemmA 2. Let {u,} be an uncountable collection of mutually singular non-
atomic measures. Then {fi,} contains an uncountable family of mutually singular

measures.

Proor. The lemma clearly follows if we show that for pe{yu,} there are at
most countably many v < {u,} such that #, ji are not mutually singular. This in
turn follows if we show that for each integer n, there are at most countably many
y’s which are not singular with respect to ¢"u. If v is not singular with respect to
¢"u write v =v,+ v, where v, #0 is the absolutely continuous (¢"u), ie.,
v, € L}(¢"p). Since the v’s are mutually singular so are the v,’s which means that
they have disjoint supports (which are sets of positive ¢"u measure) and their
number is therefore finite or countable. J

One final preliminary lemma is well known, a proof is included for the reader’s

convenience.

LeMMA 3.  Suppose that for arbitrarily large N there are disjoint sets
AN, AW, o ARV such that p(X\ U AV)=0 and for any i,j there is an n
=n(i,j) and c=c(i,j)>0 such that ¢"A" =A™ and for Ec A, u(E)
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=c - p(¢"E). If in addition the collections {AM},<y generates &, then yu is an
ergodic measure for ¢.

Proor. Since {A™};<y generates B, if ¢E = E and u(E) u(X\E)> 0, for any
¢ > 0 there is an A™ with u(E N A™) > (1 — &) u(A™). Since ¢"E = E it follows
that u(E N A§N)) =>(1—¢) u(A}N N for all j, i.e. w(E) = (1 — &) u(X) contradicting
X\Ey>0. I

THEOREM. A necessary and sufficient condition for a homeomorphism ¢ of a
compact metric space X, to have uncountably many inequivalent non-atomic
ergodic q.i.’s is that ¢ have a recurrent point.

ProofF. The necessity is contained in Lemma 1. Suppose then that x, is a
recurrent point. Since ¢x, # x, there is a compact neighborhood C(0) of x, such
that ¢C(0) N C(0) = &, set ¢C(0) = C(1). By shrinking C(0) if necessary ensure
that max (diameter C(0), diameter C(1)) < 1.

By the recurrence of x, there is an n with xy # ¢"xo €Int C(0). Let C(00) be a
compact neighborhood of x, such that

C(01) = ¢"C(00) < Int (C(0))
and CO)NnCOy = @&.
Define Ci) = ¢C0) (=01
and by shrinking C(00) if necessary ensure that

max diam(C(ij)) £ 1
0=<i,j=s1

By continuing in this fashion we construct sets C(g¢&, - &) ¢ = 0,1 that are
mutually homeomorphic, for fixed k, under powers of ¢, and such that the

intersection

ﬂc(glsz " 8) = e, 82,0 Epyt)
k

consists of a single point for each sequence of zeros and ones. Indeed n establishes
a homzomorphism between Y = [[{°{0,1} with the product topology and

C = n U C(8182'" gk)
k £{=0:1
To define a measure on X that is concentrated on C it suffices to define a

measure on Y and use 7 to map it onto C = X. Let u, be the product measure on
Y determined by x,(0) = p, u,(1) =1 — p. For distinct pe(0,1) these measures
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are mutually singular—since, as is well known, they are invariant ergodic measures
for the unilateral shift. The u, are non-atomic and thus Lemma 2 completes the
proof. []

We’ve written the construction for the group of integers acting on a compact
space. Any countable group would have served as well. Needless to say, uniquely
ergodic homeomorphisms with a non-atomic invariant measure satisfy the hy-
potheses of Lemma 2 and thus we recover the Keane-Krieger result.
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